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Also solved in less detail by E. E. Whitpord, C. E. Flanagan, and G. I. Hopkins. 

GEOMETRY. 

Note. The following remark should be made in connection with the solution 
of Geometry 417 in the September issue: 

Three planes determine either a point (which may be at infinity if the intersections of the 
planes in pairs are parallel) or a straight line in which the planes are concurrent (which may 
be at infinity if the planes are parallel). Some of the 220 points required may therefore prove 
to be replaced by such lines of concurrency of three planes. Whenever the word line is used 
in this solution it refers to a straight line in which three planes are concurrent. 

CALCULUS. 
337. Proposed by R. P. bakes, University of Iowa. 

Show that for a, b relatively prime integers, 

J, | cos 2irax + cos 2-irbx I dx = — f f 
8 ' vab < 



sin — T—r sm - 



a + b a — b 

or 

= — t < (a + b) cot -. v , ,. — (a — b) cot n , v ,. f- 
irab (. 2 (a + 6) 2(o — b) ) 

according as a and b are both odd or one of them is even. 

Solution by the Proposer. 

Take the first case with a > b. 

The zeros of the integrand in the path of integration are 

2r — 1 
Slr = 2(o + b) ' r=l,3,5,--- (a+b) 

and 

& s = Y( a — b) ' s = 1,S,5, ••■ (a-b). 
If these are &, £2, $3, • • • &a in order of magnitude the integral is 

1 r. • , M • o j./-~i &> £ 3 > ■ ■ ■ £ 2a - X 

— r 6 sin 2wa£ + a sin 2irb£ \ „ „ „ 

™bl % J fe, £ 4 , • • • fea 

Consider first the sines of 2ir6^i r . The rth is preceded by r — 1 of its own set 
and by s of the other set where 
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a — b 



_2(a+6) 



(2r - 1) + \ 



[a] = greatest integer in a. 



The expression is an integer only when £ 2s = \ which does not occur in this 
case. 

For the integral we have 



b(2r - 1) 

SU17T' 



2(o + b) 



(r - 1) + [^+1) ( 2r "!) + *]} = sin tt(Z + [M]) say. 



Now L+ M = 2r - 1 and M is not an integer. Hence (L + [M]) = 2r — 2 
and the sine in question enters the integral positively. The set £i r contains all 
odd multiples of (a + 6)/2 and 6 is prime to (a + b) and odd. The angles are 
then all odd multiples of w/(a + b) and all being distinct and in the first two 
quadrants must be precisely the set 

wk/ia +b) ! Jc= 1,3, 5, ■■■ (a +b) ~ 1. 

The sum of this set of sines contributes to the integral 



_2_ 
irab 



(-. ? V 

V sin ir I {a + b) J 



A similar count for the set sin 2ira^i r , using L' — \M] instead of L + [M], adds 
a term of the same form, a and b being interchanged. 

Similarly the roots of the £>s set with a contribute four times the sum of sines 
of all odd multiples less than the (a — b)th of ir/(a — b). With b the same set 
occurs with negative sign. 

A similar method gives the formula in case 2. 

350. Proposed by E. P. baker, University of Iowa. 

Find a general formula for d n y/dx n in terms of d k y/dt h and d h x/dt h . 

Solution by J. W. Clawson Collegeville, Pa. 

Let 5x, by be increments of x, y when t takes the increment dt. Then, by 
Taylor's Theorem, 

dy hx 2 d 2 y dx s d s y 

(1) by=bx Tx + ^M + Yd^ + '"' 

* dy , di 2 d 2 y , di s d z y , 

, dt , Sx 2 d 2 t , 8x 3 dH , 
(3) St = Sx dx + l2d^ + Jdx-z + ---- 

From (2) and (3) we get 

^ * fa dt,8?dH \dy,f, dt,8x~ 2 d 2 t \ 2 ld 2 y 



